Abstract. We prove that the level curves of some differentiable functions of two variables with unique critical point are diffeomorphic to the circle T, and show how this result can be used in the study of local stability of dynamical systems in dimension 2 with invariant function, without using the Hessian. We extend the results to the level sets of an invariant function of dynamical systems, with a synthesis exposition of examples of improvements of previously studied order q difference equations with invariant. In fine we present some differential tools for the study of the topological nature of invariant level sets in dimension at least three.
Introduction
We will highlight the role of level sets and unicity of critical point of invariant functions in place of the use of Hessian, in the study of local stability of a large class of dynamical systems, in particular those associated to difference equations.
First we study the case of dimension 2, where special arguments permit to identify the topological nature of the level curves. Then we study the general case of dynamical systems with invariant in connected locally compact topological spaces. We also show how our result can be applied to some order q difference equations previously studied by several authors. In the last section, we present some tools of differential geometry which permit us to study the topological nature of level sets of invariants of order q difference equations.
The level curves lemma
The following result can be used in the study of some planar dynamical systems. Proof. We will use three well-known but not easy facts.
Lemma 1 (The level curves lemma). Let

Fact 1. The Jordan-Schönflies' theorem:
Every homeomorphism of the circle T into the plane has an extension in a homeomorphism of the plane onto itself. This contains the classical Jordan's theorem on a Jordan curve Γ: interior homeomorphic to D, exterior homemorphic to C \ D, Γ is the boundary of these two sets (see [8] ).
Fact 2. The characterisation of T as a manifold:
Every C 1 1-dimensional compact and connected manifold (here in the plane) is diffeomorphic to the circle (see [15] ).
Fact 3.
A particular case of Riemann's theorem: Every connected and simply connected open set in the plane is homeomorphic to the plane (see [16] ).
(a) By (1), V has a minimum in Ω, which is strict by (2), and there is no local extremum to V except the point p.
is not empty by the connexity of Ω, compact by (1); it is a C 1 1-dimensional manifold by (2) and the implicit function theorem (because p / ∈ C(λ)).
Remark. The proof does not work if the hypothesis "Ω is connected and simply connected" is omitted: in this case, some steps of the proof do not work; for example, the arguments of compactness in points ( * * ) and ( * * * ) of step (c) of the proof fail. But in fact one can prove that the hypothesis (1) and (2) on the function V imply that Ω is connected and simply connected (see the Fact 4 below). In practice, this result is often unuseful, because the open sets which tipically appear in the use of the lemma for studying dynamical systems are naturally connected and simply connected. Nevertheless we give a sketch of proof of this property. For the converse, it is first easy to see that Ω is connected: if not, V would have a critical point in every connected component and so at least two critical points, contrary to the hypothesis.
For the second part of the converse, we will see that if Ω is connected but not simply connected, then every C 1 function V : Ω → R satisfying (a) has at least 2 critical points.
We know that ∂Ω (in C ∞ ≈ S 2 ) is not connected (see [16] , Theorem 13.11), and so if λ is near V (∞) the level set {V = λ} is not connected (if ∂Ω splits into two disjoint compact sets H 1 and H 2 , and if we choose two open sets
, then p is a critical point, and one can suppose that it is isolated. One can see, by the same method as in point (c) of the proof of Lemma 1, that if λ is near m, then the level set {V = λ} is homeomorphic to the circle, and so is connected. Now, if there were no other critical point than p, a classical result of differential geometry (see Section IV, Fact 6, and [15] , Ch.3, Theorem 50) asserts that all the level sets {V = µ} would be homeomorphic, and this is a contradiction.
Applications of the level curves lemma to dimension 2 dynamical systems
First we give a general result on dynamical systems in dimension 2. Then we give examples of previously studied difference equations were the general result can be used.
The general result in dimension 2.
Notations. We look at an order 2 difference equation
where ϕ is such that the map F : (x, y) → (ϕ(x, y), x) acts continuously on an open set Ω ⊂ R 2 . More generally, we look at a system of two order 1 difference equations
where the map
, and (Ω, F ) is the dynamical system associated to equation (1) or to system (2).
Proposition. Consider equation (1) or system (2).
We suppose that there is a C 1 function G : Ω → R which is invariant, that is G • F = G in Ω, and that Ω, G and F satisfy three hypothesis: Notice that the local stability does not use the Hessian. In some papers the hypothesis of the previous proposition are proved, but unnecessary tedious calculations for study the Hessian are made.
If equations (1) Here we give some examples of discrete dynamical systems for which our result may facilitate the study of the topology of the level sets of the first integral associated to them.
The classical order 2 Lyness' difference equation, which is u n+2 u n = a+u n+1 , a > 0, u 0 , u 1 > 0. In this case, Ω = R + * 2 , F (x, y) = ( (a+x)/y, x ) , the invariant function is G(x, y) = (x + 1)(y + 1)(a + x + y)/xy, and each level set is the positive component of some elliptic cubic curve. From the level curves lemma, such level set is diffeomorphic to the unit circle. The behavior of the associated dynamical system was in part conjectured in [1] and proved first in [17] , a non published paper, and discovered again later, but independently, in [2] and in [11] . In paper [2] there is some new accent on a form of chaotic behavior of the system. A deep study of rational periodic solutions (when a is rational) is given recently in [12] . (a) Many examples which generalize Lyness' case are the equations in R + *
The invariant is
and the level curves are the quartic curves
These equations were introduced in [3] , and the complete study is made in [3] and [4] . The level sets are diffeomorphic to circles by the level curves lemma; they are conics, or positive component of cubic curves, or positive component of quartic curves. In the two last cases, the level curves lemma is more simple than the use of Weierstrass' function ℘. (b) An interesting example where one can use the proposition is given in [9] , which studies the 2-periodic order 2 Lyness' equation u n+2 u n = a n + u n+1 , with a 2k+1 = a and a 2k = b.
The associated map F is
and the invariant is
(c) Another example is given in [5] , where one studies the equation
(with conditions on α, β); the invariant is G(x, y) = x 2 y 2 +
In all examples of this part, answers to the problems evoked in Section I are given, see the corresponding references.
3. An abstract level sets lemma, some examples of applications
In this section, we give a more or less classic general result for a dynamical system with invariant. Then we give examples of applications to order q difference equations.
The general assertion.
Lemma 2 (The level sets lemma). Let be X a connected and locally compact space. Let be F : X −→ X and G : X −→ R two continuous maps. We suppose that the following conditions hold:
(i) G has a strict minimum G m at a point L, and no other local minimum;
G(x) ≤ +∞ exists, and G(x) < G(∞) in X.
Then we have:
The proof of this lemma is given in [4] . It gives a tool for proving local stability only with properties of the level sets of the invariant, in the spirit of the use of Lyapunov functions (see [14] ): the key is the existence of fundamental neighborhoods of L which are invariant.
3.2.
Applications to dynamical systems in R q , linked to difference equations. In the applications, hypothesis (i) of Lemma 2 follows often from the following property:
(UCP) The invariant function G is of class C 1 and has a unique critical point in X.
(a) The order q Lyness' difference equation
with a > 0, u 0 , u 1 , . . ., u q−1 > 0, is the first example. In this case, the space X is R + * q , and F is defined by
if we take M n = (u n+q−1 , . . ., u n ). It is classical that there is a first invariant function
It is proved in [6] that G has property (UCP) and that the dynamical system (R + * q , F ) satisfies the hypothesis of Lemma 2. So the equilibrium is locally stable, and the solutions are permanent. In the case q = 3 a study is given for the first time in [10] , and an other point of view is in [6] ; in this two papers, answers to the problems of part 2.1 are given.
(b) The q-periodic order q Lyness equation
with p n > 0 and q-periodic, and with u 0 , u 1 , . . ., u q−1 > 0, is the second example. If q = 2 (and only in this case) it is the same problem as in (b) of Section II.2. This equation is studied in [13] . The authors prove that if one put
, we obtain a dynamical system in R + * q which has an invariant function
. . .
where the r i are the q values of the periodic function n → p n . There is a unique equilibrium and (UCP) is satisfied. Moreover, property (iv) of the Lemma 2 is easy to prove. So the local stability is true, and the tedious calculations in [13] with the Hessian are unnecessary.
4. Differential and geometric tools for level sets of invariants in R q when q ≥ 3
Lemma 2 is a good tool for proving local stability, but it says nothing about the topological nature of the level sets of invariant functions when q ≥ 3. A natural question which generalizes the 2-dimensional situation is the following:
Question. Under hypothesis of Lemma 2 for X an open subset of R q , are the level sets of the invariant homeomorphic to the sphere S q−1 ?
If (UCP) is true, the level sets {G = K} are manifolds. In this case, the following result of Reeb may be useful (see [15] ch.III H).
Fact 5 (Reeb's theorem). If C is a C 1 k-dimensional compact manifold, and if there is a C 1 numerical function f on C which has exactly 2 critical points (which can even be degenerated), then C is homeomorphic to the sphere S k .
For example, the first invariant G of order q Lyness' difference equation has easily (UCP) property (see [6] ), and so for K ∈]G m , G(∞)[ the level sets C K := {G = K} are differentiable manifolds. It is proved easily in [6] that the function f (x 1 , . . ., x q ) := ∑ q i=1 x i has exactly two critical points on C K . So C K is homeomorphic to the (q − 1)-dimensional sphere.
In some cases it is possible to prove the homeomorphism to spheres of the level sets {H = K} of an invariant H (satisfying Lemma 2) only when K is sufficiently near to the minimum H m of H (at the fixed point L). In this case, property (UCP) permits to have an homeomorphism to spheres for all values of K ∈]H m , H(∞)[, from the following useful result (see [15] Ch. 3 Theorem 50): [6] and [7] this method is used for proving that for q = 3, 4 and 5 the level sets of the second invariant H for order q Lyness' difference equation (6) For q ≥ 6, the difficulty is to prove the (UCP) property, the problem remains open.
